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Symmetric Diffusions on Lie groups et

Facts

We consider the following structures:

» G a finite dimensional Lie group, g its Lie algebra.
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We consider the following structures:
» G a finite dimensional Lie group, g its Lie algebra.

» d > 1 and left-invariant vector fields Vi,..., Vy € g such that

<V]_7. ..,Vd>LA = g.

» A right-invariant Haar measure y on G.

» X the G-valued diffusion process

d

dX =) Vi(XY) o dB]
i=1

X =x¢€G.
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Symmetric Diffusions on Lie groups et

Facts

We consider the following structures:
» G a finite dimensional Lie group, g its Lie algebra.

» d > 1 and left-invariant vector fields Vi,..., Vy € g such that

<V]_7. ..,Vd>LA = g.

» A right-invariant Haar measure y on G.

» X the G-valued diffusion process

d

dX =) Vi(XY) o dB]
i=1

X =x¢€G.

> L= %Zf’:l V2 the generator of X and P.f(x) = E(f(X}))
its expectation functional on Borel functions.
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Symmetric Diffusions on Lie groups Sette

Facts

We have the following facts:
» The generator £ is symmetric on C2°(G) C L?(u) and admits
a self-adjoint extension £, which generates a symmetric,
strongly continuous semigroup P on L?(p).
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Symmetric Diffusions on Lie groups Sette

Facts

We have the following facts:

» The generator £ is symmetric on C2°(G) C L?(u) and admits
a self-adjoint extension £, which generates a symmetric,
strongly continuous semigroup P on L?(p).

» The carré du champ operator

r(f,g) = L(fg) — fL(g) — gL(f)

defines a symmetric, positive bi-linear form

5(f,g)—/r(f,g)u——2/fﬁ(g)u

on test functions f, g € C°(G).
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Symmetric Diffusions on Lie groups Sette

Facts

We have the following facts:

» The generator £ is symmetric on C2°(G) C L?(u) and admits
a self-adjoint extension £, which generates a symmetric,
strongly continuous semigroup P on L?(p).

» The carré du champ operator
r(f,g) = L(fg) — FL(g) — gL(f)
defines a symmetric, positive bi-linear form
e(f.e) = [ 1(Fu=-2 [ (el

on test functions f, g € C°(G).

» The random variable X admits a smooth, positive density
pt : G — Ry with respect to pu.
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Symmetric Diffusions on Lie groups Sette

Facts

For smooth functions U : G — R with
/ exp(—U)pu = ZY < oo,
G

we consider the vector field I'(U,.) and the operator

1
£l =r— ST,

Then 1Y = exp(—U)p is an invariant (finite) measure for £Y,
since

/[,Uqu = /Efexp(—U),u—F;/l'(f, exp(—U))p =0

by symmetry of L.
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Symmetric Diffusions on Lie groups Sette

Facts

» For smooth functions U : G — R with
/ exp(—U)pu = ZY < oo,
G

we consider the vector field I'(U,.) and the operator

1
£l =r— ST,

Then 1Y = exp(—U)p is an invariant (finite) measure for £Y,
since

/[,Uqu = /Efexp(—U),u—F;/l'(f, exp(—U))p =0

by symmetry of L.
» LY has a spectral gap of size a > 0 if and only if

[y o

for compactly supported smooth functions f on G.
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Strong existence for general U
Strong existence of Diffusions with horizontal gradient drift OU-processes
Spectral Gap

Proposition

Consider a smooth potential U : G — R such that

/exp(—U)u < 00.

Consider the Stratonovich SDE with values in G
d .
dYY = Vo(Y¥)dt + > V(YY) odB{, Y{ =y€G,
i=1

where Vof = —3T (U, f) for test functions f. Then there exists a
global strong solution for all initial values y € G.

F. Baudoin, M. Hairer, J. Teichmann Natural OU-processes



Strong existence for general U
Strong existence of Diffusions with horizontal gradient drift OU-processes
Spectral Gap

Corollary

We consider now the case

WS(X) = —log p(S, X),

with fixed s > 0. We write for short £5 = £%s.
By the previous Proposition there are strong solutions to the
associated Stratonovich SDE on G,

d
dY} = Vo(Y¥)dt + > Vi(Y{)odB], Y{=yeq,
i=1

where Vy = %27:1(\/; log ps)V; is the horizontal gradient of
— log ps. We call this diffusion process an OU-process on G.
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Strong existence for general U
Strong existence of Diffusions with horizontal gradient drift OU-processes
Spectral Gap

Proof

A direct proof by Lyapunov-function techniques would work if the
following assertion holds true: there is a compact set K such that
there is a constant C > 0 with

1
—5T(U.0)+ LU < CU

outside K. In case of W; for some fixed s > 0 this is implied by
the assertion that
Lps >0

holds true outside a compact set K C G. By asymptotic
expansions of the hypo-elliptic heat kernel we can prove the
previous inequality for small times t on compact sets off the
cut-locus, but not on non-compact sets.
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Strong existence for general U
Strong existence of Diffusions with horizontal gradient drift OU-processes
Spectral Gap

Theorem

The following assertions are equivalent:

» The operator £ has a spectral gap of size a; > 0 for t > 0
and a positive H'-function a: R~g — Rxg.
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Strong existence for general U
Strong existence of Diffusions with horizontal gradient drift OU-processes
Spectral Gap

Theorem

The following assertions are equivalent:

» The operator £ has a spectral gap of size a; > 0 for t > 0
and a positive H'-function a: R~g — Rxg.

» The local estimate

P(T(,F))(e) = 2ac((PT7?)(e) — ((P:f)(e))?)

holds true for all test functions f : G — R, t > 0 and a
positive H'-function a : Rug — Rg.
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Theorem

If we know that

F(Pef, Pef)(e) < o(t)Pe(T(f, f))(e)

holds true for test functions f : G — R, t > 0 and a positive
locally integrable function ¢ : R>g — R, then we can choose
t — a; due to the following equation

at/o o(t —s)ds = =

for t > 0 and one of the two equivalent assertions holds true.
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Strong existence for general U
Strong existence of Diffusions with horizontal gradient drift OU-processes
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Proof

The equivalence of the first two statements is apparent. We fix a
test function f : G — R as well as t > 0 and consider

H(s) = Ps((Pe-sf)?)
for 0 < s < t. The derivative of this function equals
H'(s) = Ps(T(Pe—sf, Pr—sf))
and therefore — assuming the third statement — we obtain
H'(s) < ¢(t — s)P(T(f, f)).

Whence we can conclude
t
H(t) — H(0) < / B(t — s)ds P(T(F, F)),
0

which is the second of the two equivalent assertions.
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Spectral Gap for £! and 2Y
Nil-manifolds

The Driver-Melcher Inequality Simulated Annealing

Let G be a nilpotent Lie group with d generators ey, ..., es and
denote by X the canonical diffusion process on G, i.e.

d
dXe =) Xeejo dB].
i=1

The Driver-Melcher inequality asserts that there is a constant K
such that
F(P:f, Pef)(e) < KP(T(f,f))(e)

for all test functions f : G — R and for all times t > 0 holds true.
This allows to conclude that there is a spectral gap for £f. We can
choose a;Kt = % hence the OU-process on G (associated to

W; = —log p:) has a spectral gap of size ﬁ
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Spectral Gap for £! and 2Y
Nil-manifolds
The Driver-Melcher Inequality Simulated Annealing

Spectral gaps for general potentials

Fix t > 0 and let U : G — R be a smooth potential U with
|U+logp(t,.)| < K
for some constant K > 0. Assume furthermore that a Poincaré
inequality holds for Lt i.e.
P:(f?)(e) < CP(T'(f,))(e)

for test function f : G — R with P:f(e) = 0 and some constant
C > 0. Then one has exp(—U) € L!(u(dx)) and the desired
Poincare inequality

/ F2 exp(— Uy < C' / F(f. ) exp(—U)u

for test function f : G — R with [ fexp(—U)u =0 and some
constant C' = Cexp(2K) > 0. The second inequality leads to a
spectral gap for LY of size &
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Spectral Gap for £! and Y
Nil-manifolds

The Driver-Melcher Inequality Simulated Annealing

Let G be a nilpotent Lie group and M a homogeneous space with
respect to the Lie group G (with right action) and projection

m: G — M. We assume a measure ,uM on M, which is invariant
with respect to the action.

The left invariant vector fields V; induce vector fields \/,-M on M by
means of the action. Due to the invariance of the measure with
respect to the action, the vector fields V,-M are anti-symmetric

operators on L?(1M) and the generator
1< 2
M M
=35> v
i=1
is consequently symmetric on L2(uM). In particular we have
(VMfyom = Vi(f o)

fori=1,...,d.
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Spectral Gap for £! and zY
Nil-manifolds

The Driver-Melcher Inequality Simulated Annealing

The local Driver-Melcher inequality on G therefore translates to
the same local inequality on M due to

PtM(f) om = P(fom)

for test functions f : M — R and t > 0, hence we obtain the
corresponding Driver-Melcher inequality on M.
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Spectral Gap for £f and £Y
Nil-manifolds
The Driver-Melcher Inequality Simulated Annealing

Simulated Annealing on nil-manifolds

Let M be a compact nil-manifold, U : M — R a smooth function
together with a constant D and a point xg € M such that

|U(x) — d(xo,x)2\ <D.

Then there constants R, ¢ > 0 such that for e(t) = V) the
process
d .
dZf = Vo(Z7)dt + ) e(t)Vi(Zf)odB], Zf =z € G,
i=1

with Vof = —1T(U, f) satisfies for a constant A
varg(t)(f) < A(]. + t)gs(t)(f, f),

for test functions f : M — R and t > 0.
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The Driver-Melcher Inequality Simulated Annealing

We apply R. Leandré’s beautiful result that
lim tlog p(t, x0, x) = —d(xp, x)°
t—

uniformly on the compact manifold M. This result yields that we
can choose a constant D such that

|U(.) + €% log p(£2, x0,.)| < D+ D

for all 0 < € < 1. Hence we can start to collect results. The
spectral gap for the operator L° has size

1o 2D0+D)

Ke2 )

g2

for e < 1.
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Whence for £2L¢ the spectral gap has size

1 o 20+D)

K )

g2

We choose ¢2 = 2(D + D) and R so big that (t) < 1 for t > 0,
and we conclude that

2(D + D)
e(t)?

for some large constant A and for t > 0.

K exp( ) < K(R+1t)<A(1l+1)
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Spectral Gap for L' and Y
Nil-manifolds
The Driver-Melcher Inequality Simulated Annealing

The algorithm

Assume that U has a unique minimizer at xg € M then we obtain
as a consequence of the previous Theorem that

4
ZE — by,

where we obtain precise estimates on the speed of convergence,
too.
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